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When measuring quantum spins at two or more different times, the later measurements are affected by
measurement backaction occurring due to the earlier measurements. This makes the measurement of temporal
quantum correlation functions challenging. In Phys. Rev. A 96, 022127 it has been shown that the disturbing effect
of measurement backaction can be mitigated by using weak measurements instead of projective measurements.
Such weak measurements are implemented by weakly coupling the system to ancilla degrees of freedom. The
weaker the measurement strength, the better works the suppression of backaction effects, but the larger a
measurement sample is needed. Here we show that, by using a spin-1/2 ancilla for probing a system consisting
of spins with large spin quantum numbers l  1/2, the weak-coupling requirement, and hence also the need for
large measurement samples, can be dropped. A potential application of such a strong-coupling measurement
protocol is the probing of an array of Bose–Einstein condensates by light.
I. INTRODUCTION
Temporal quantum correlations, like the two-point function
〈O1(t1)O2(t2)〉, allow for a detailed characterization of the
nonequilibrium behavior of quantum systems, more detailed
than what equal-time correlations can achieve. They feature in
a broad variety of physical theories and applications, including
fluctuation–dissipation relations and the Kubo formula [1],
scattering theory and optical coherences [2], transport theory
[3], and glassy dynamics and aging [4].
Experimentally such temporal correlation functions are not
easily accessible, because naivelymeasuring the observableO1
at the early time t1 induces a wave function collapse and hence
affects the outcome of the measurement of the observable O2
at the later time t2. To mitigate, or even avoid, measurement
backaction, measurement protocols of varying generality and
complexity have been proposed [5–9]. In the measurement
scheme of Ref. [7], the disturbance due to measurement back-
action ismitigated by usingweakmeasurementswhere, instead
of projectively measuring O1 at the time t1, an ancilla degree
of freedom is weakly coupled to O1 in a suitable way. Sub-
sequent measurement of the ancilla allows the experimenter
to retrieve a small amount of information about the observ-
able, while the state of the system, and hence also the outcome
of a measurement of O2 at time t2, is affected only mildly.
Accumulating statistics over multiple repetitions of this weak
measurement protocol then facilitates the reconstruction of the
temporal two-point correlation function 〈O1(t1)O2(t2)〉 with
only a small statistical error (controlled by the number of rep-
etitions) and a small systematic error (determined by the weak
coupling strength).
In this paper we show that, under some additional condi-
tions, the weak-coupling requirement of such an ancilla-based
measurement scheme is dispensable when the local Hilbert
space dimension of the constituents of the system of interest is
much larger than the Hilbert space dimension of the ancilla de-
gree of freedom that is used for probing. The intuition behind
this proposal is that, under these conditions, even for strong
system–ancilla coupling, selection rules impose constraints on
the effect of backaction. As an example, the reader may think
of a chain of spin-l degrees of freedom, probed by coupling
FIG. 1. Top: A sinusoidal optical lattice, superimposed onto a
parabolic trap potential, which holds a two-component Bose–Einstein
condensate with (in general site-dependent) atom number Ni in each
of its minima. Bottom: Each single condensate can be described by a
pseudospin-Ni/2 degree of freedom at lattice site i, and neighbouring
spins can be made to interact (dashed grey lines) by adjusting the
optical lattice depth.
a spin-s to one of the spins of the chain through the unitary
coupling operator exp(−iλSi ⊗ S), where S denotes the spin
vector operator of the ancilla, Si the spin vector operator at the
ith lattice site of the chain, and λ is the coupling strength. The
form of the coupling operator imposes selection rules and can
facilitate only a restricted set of transitions between spin states,
which are determined by the Clebsch–Gordan coefficients of
the Si ⊗ S coupled basis. Coupling to a spin-s can change
the spin-l by at most 2s, which is a small relative change if
s  l, which in turn poses restrictions on the effect of back-
action. This intuition will be made precise in Sec. IV, where
it is also shown that this constraint on the spin change im-
plies a bound on the relative error of the temporal quantum
correlation function measured by means of the ancilla-based
measurement protocol.
Such an ancilla-based strong-measurement protocol is ver-
satile and may be applied to a number of settings and ex-
perimental platforms. The application we had in mind, and
which motivated the development of the measurement proto-
col, is an optical lattice holding an array of two-component
Bose–Einstein condensates, each of which consists of some
tens or hundreds of atoms. In the parameter regime speci-
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2fied in Ref. [10], each single condensate can be described by
a one-axis twisting Hamiltonian Hi = χ(Jzi )2 [11], where χ
denotes the coupling strength and Jzi is the z-component of
a pseudospin-Ni/2 degree of freedom characterizing the Ni-
atomic condensate at lattice site i. By adjusting the depth
of the optical lattice, the pseudospins can be made to inter-
act with each other; see Fig. 1 for an illustration. Following
Refs. [12, 13], a beam of off-resonant light shone onto the ith
condensate induces an interaction proportional to Sz Jzi , where
Sz denotes the z-component of the operator of the Stokes
vector of the optical field integrated over the duration of the
interaction. This operator representation of the Stokes vector
is formally equivalent to a spin-1/2 operator, and hence the
interaction Sz Jzi is equivalent to the coupling of a spin-1/2 to
a a spin-Ni/2, where the number Ni of atoms in the ith well is
assumed to be much larger than 1.
II. SETTING
We consider a spatially extended system consisting of spin
degrees of freedom on a lattice of arbitrary size, structure, and
lattice dimension. To each lattice site i we assign a spin-l de-
gree of freedom in the form of a local Hilbert spaceH = C2l+1
for all i. The total system consisting of N spin-l degrees of
freedom has therefore the system Hilbert spaceHS = H ⊗N .
Time evolution of the spin system is generated by an arbi-
trary system Hamiltonian H acting onHS. (Generalization to
nonunitary dynamics should be straightforward.)
Our goal is to extract two-time correlation functions of the
type
C(t1, t2) = 〈O1(t1)O2(t2)〉, (1)
whereO1 andO2 are arbitrary observables onHS. We usually
think of O1 and O2 as being supported on a single lattice site,
or on a few adjacent lattice sites. Such a restriction is not nec-
essary for the theoretical aspects of the protocol developed in
the following, but it is expected to greatly facilitate an exper-
imental implementation. Oi(t1) = eiHt1O1e−iHt1 denotes the
observable O1 time-evolved in the Heisenberg picture under
the Hamiltonian H until time t1.
III. MEASUREMENT PROTOCOL
For concreteness we aim at probing two-time correlations
C of the z-components of spins at lattice sites i and j with
respect to an arbitrary initial state |ψ〉 ∈ HS,
C(t1, t2) = 〈Szi (t1)Szj (t2)〉
= 〈ψ | eiHt1Szi e−iHt1eiHt2Szj e−iHt2 |ψ〉 ,
(2)
where Szi denotes the z-component of the spin-l operator act-
ing on lattice site i. The restriction to z-components is only
for notational convenience; results for other components are
obtained by using angular momentum eigenstates with respect
to S2 and some other spin component in the derivation re-
ported below. Generalizations to correlations at more than
two times and/or more than two lattice sites should be feasible
along similar lines.
We use a spin-1/2 degree of freedom as an ancilla, and
henceHA = C2 and the total Hilbert space is
Htot =HS ⊗HA. (3)
The system Hamiltonian H = HS ⊗ 1A, which is responsible
for the unitary evolution in the dynamic correlation function
(2), acts nontrivially onHS only. In the following we outline
a measurement protocol that allows us to determine a cer-
tain correlation function C defined below. Subsequently, in
Sec. IV, we show that the desired correlation functionC can be
extracted fromC under suitable conditions. The measurement
protocol consists of the following steps.
a. Initial state preparation. We assume ancilla and sys-
tem to initially be in a product state,
|Ψ〉 = |ψ〉 ⊗ |φ〉 ≡ |ψ, φ〉 . (4)
While the system initial state |ψ〉 is arbitrary (and determined
by the physical situation under investigation), we choose
|φ〉 = 1√
2
(|−〉 + |+〉) (5)
for the ancilla initial state.
b. Time evolution until time t1. Time-evolve the initial
state |Ψ〉 up to the time t1 with the system Hamiltonian HS,
|Ψ(t1)〉 = e−iHSt1 |ψ〉 ⊗ |φ〉 ≡ |ψ(t1), φ〉 . (6)
The ancilla state |φ〉 remains unaffected.
c. Coupling of the ancilla to system site i. Evolution of
|Ψ(t1)〉 with a unitary evolution operator
U (λ) = exp(−iλSi ⊗ S), (7)
which typically induces entanglement between the system and
the ancilla. At the end of the coupling procedure one obtains
|Ψλ(t1)〉 = U (λ) |ψ(t1), φ〉 . (8)
Attempts to use other coupling operators, in particular
exp(−iλSxi ⊗ Sx) and exp(−iλSzi ⊗ Sz), have been unsuccessful
so far; see Appendix A for details.
d. Measuring the ancilla. The ancilla is then probed by
projectively measuring 1S ⊗ Sz , i.e., the z-component of the
ancilla spin. We denote the two eigenstates of Sz as |±〉 with
corresponding eigenvalues ±1/2. According to the Born rule,
one measures the eigenvalues +1/2 and −1/2 with probabili-
ties
P± = 〈Ψλ(t1)| (1S ⊗ |±〉 〈±|) |Ψλ(t1)〉 . (9)
The post-measurement state is given by the normalized pro-
jection onto the subspace corresponding to the outcome ±1/2
of the measurement,
|Ψ±(t1)〉 = (1S ⊗ |±〉 〈±|) |Ψλ(t1)〉‖(1S ⊗ |±〉 〈±|) |Ψλ(t1)〉‖ ≡ |ψ±(t1)〉 ⊗ |±〉 . (10)
Ancilla and system are again in a product state.
3e. Time evolution until time t2. Time-evolve the post-
measurement state |Ψ±(t1)〉 up to the time t2 with the system
Hamiltonian HS ,
|Ψ±(t2)〉 = e−iHS(t2−t1) |ψ±(t1)〉 ⊗ |±〉 . (11)
The ancilla state |±〉 remains unaffected.
f. Projective measurement at site j. At the final time t2,
the disturbing effect due to a measurement is of no concern,
and we can projectively measure the observable Szj at lattice
site j without compromising the accuracy of the correlation
function (2) that we wish to measure. We denote by m ∈ S
the eigenvalues of Szj , where
S = {−l,−l + 1, . . . , l − 1, l}. (12)
The conditional probability of obtaining m when measuring
Sbj , after having obtained ±1/2 when measuring the ancilla, is
Pm |± =
〈
Ψ±(t2)
(|m〉 〈m| ⊗ 1A)Ψ±(t2)〉. (13)
g. Correlating themeasured outcomes. Weuse the prob-
abilities (9) and (13) to calculate the correlation between the
measured ancilla spin at t1 and the system spin j at t2,
C (t1, t2) =
∑
m∈S
m
(
Pm |+P+ − Pm |−P−
)
(14)
=
〈
Ψ(t1)
U †(λ) (Szj (t2 − t1) ⊗ Sz ) U (λ) Ψ(t1)〉 ,
where the second line has been obtained by using the defi-
nitions introduced in this section and by making use of the
spectral representations of Szj and of the ancilla spin S
z .
IV. RELATING C TO C
In this section we show that the correlation functionC (t1, t2)
defined in Eq. (14) contains, under suitable conditions, terms
proportional to the real, respectively imaginary, part of the
desired two-time correlation function C(t1, t2). A reader not
interested in the details of the derivation may skip most of
this section and continue reading from the main result (36).
The assumptions made in the course of the derivation are
summarized in Sec. VI.
The main tool for the calculation is to make use of the
angular momentum-coupled basis when dealing with the spin–
spin coupling operator U (λ) in Eq. (7), and to resort to the
uncoupled basis when evaluating the effect of the ancilla spin
operator Sz and when exploiting product properties of the
initial state. The switching between the two bases is facilitated
by means of Clebsch–Gordan coefficients.
We write the joint system–ancilla Hilbert space as a tensor
product space consisting of three factors,
Htot =Hi ⊗HA ⊗Hrest, (15)
where the Hilbert spaces Hi and HA of lattice site i and the
ancilla, respectively, are treated separately from the rest of the
system. We introduce a coupled basis |l, j,m〉 on the subspace
Hi ⊗HA, defined through the following eigenvalue equations,
S2i |l, j,m〉 = l(l + 1) |l, j,m〉 , (16a)
S2 |l, j,m〉 = (3/4) |l, j,m〉 , (16b)
J2 |l, j,m〉 = j( j + 1) |l, j,m〉 , (16c)
Jz |l, j,m〉 = m |l, j,m〉 , (16d)
where J = Si + S. We have j ∈ {l − 1/2, l + 1/2} and
m ∈ {− j,− j + 1, . . . , j} (and similarly for ˜ and m˜ introduced
below). The coupled basis is particularly useful for evaluating
the system–ancilla coupling unitary,
U (λ) |l, j,m〉 = exp[−iλ (J2 − S2i − S2)/2] |l, j,m〉
= exp
{
−iλ [ j( j + 1) − l(l + 1) − 34 ]/2} |l, j,m〉 . (17)
To make use of this diagonal form of the coupling unitary,
we expand the pre-coupling state at time t1 in terms of the
coupled basis,
|Ψ(t1)〉 =
∑
j,m,α
cjm |l, j,m;α〉 , (18)
where cjm are complex-valued expansion coefficients and α
denotes a set of quantum numbers labeling some basis ofHrest.
Inserting this expansion into the correlation function (14), we
obtain
C =
∑
j,m,α
∑
˜,m˜,α˜
c∗˜m˜α˜cjmαεj ˜(λ)
×
〈
l, ˜, m˜; α˜
 Szj (t2 − t1) ⊗ Sz  l, j,m;α〉 (19)
with
εj ˜(λ) := exp
{
iλ
2
[ ˜( ˜ + 1) − j( j + 1)]
}
. (20)
To shorten the notation, we will in the following omit the α
quantum numbers and write
C =
∑
j,m
∑˜
,m˜
c∗˜m˜cjmεj ˜(λ)
〈
l, ˜, m˜
 Szj (t2 − t1) ⊗ Sz  l, j,m〉 .
(21)
However, the reader should bear in mind that the derivation
and the main result of this section hold for very general many-
body systems, and not only for a single large spin coupled to a
spin-1/2 ancilla.
The transformation to the uncoupled basis is, for the case of
an arbitrary angular momentum l coupled to a spin-1/2, given
by [14, Chap. 15.2]l, l ± 12,m〉 = alm l,m ∓ 12, 12,± 12 〉 ± blm l,m ± 12, 12,∓ 12 〉
(22)
for all |m| 6 l ± 1/2, with Clebsch–Gordan coefficients
alm =
√
l + 1/2 + m
2l + 1
, blm =
√
l + 1/2 − m
2l + 1
. (23)
4Here, kets with four entries (compared to three entries for the
coupled basis) denote the elements of the uncoupled basis,
which satisfy the eigenvalue equations
S2i |l,ml, s,ms〉 = l(l + 1) |l,ml, s,ms〉 , (24a)
Szi |l,ml, s,ms〉 = ml |l,ml, s,ms〉 , (24b)
S2 |l,ml, s,ms〉 = s(s + 1) |l,ml, s,ms〉 , (24c)
Sz |l,ml, s,ms〉 = ms |l,ml, s,ms〉 . (24d)
Inserting (22) into (21) and using (24d) as well as the orthonor-
mality of the basis states, we obtain
C = 12
∑
m,m˜
{ 〈
l, m˜ − 12
 Szj (t2 − t1)  l,m − 12 〉 (25)
×
[
c∗+,m˜c+,malm˜alm + c
∗
−,m˜c−,mblm˜blm − c∗+,m˜c−,malm˜blmeiλ(l+1/2) − c∗−,m˜c+,mblm˜alme−iλ(l+1/2)
]
−
〈
l, m˜ + 12
 Szj (t2 − t1)  l,m + 12 〉
×
[
c∗+,m˜c+,mblm˜blm + c
∗
−,m˜c−,malm˜alm + c
∗
+,m˜c−,mblm˜alme
iλ(l+1/2) + c∗−,m˜c+,malm˜blme
−iλ(l+1/2)
] }
,
where we have used the shorthand c±,m ≡ cl±1/2,m. The
ancilla-part of the expectation values has already been eval-
uated, and the remaining matrix elements in (25) involve
only operators on and states from the system Hilbert space
HS = Hi ⊗ Hrest. (Recall that the α quantum numbers re-
ferring toHrest have been omitted, and the matrix elements in
(25) really involve many-body states and operators.)
The ancilla initial state, as well as the system state at time
t1, are encoded in the expansion coefficients c±,m, which, as
is evident from (18), refer to the coupled basis. To make
use of the properties of the ancilla initial state (5), we need
to translate these coefficients into expansion coefficients with
respect to the uncoupled basis. Making use of (18) and (22),
one obtains the identity
c±,m = almγ±m ± blmγ∓m, (26)
where
γ±m =
〈
l,m ∓ 12, 12,± 12
Ψ(t1)〉 (27)
denote the expansion coefficients of |Ψ(t1)〉 with respect to
the uncoupled basis. The form of the ancilla initial state (5)
implies that〈
l,m, 12,+
1
2
Ψ(t1)〉 = 〈l,m, 12,− 12 Ψ(t1)〉 , (28)
and hence γ+
m+1 = γ
−
m. Inserting (26) into (25), and further-
more assuming γ±
m+1 ≈ γ±m ≡ γm (i.e., the expansion coeffi-
cients vary slowly with respect to m), we obtain
C ≈ 12
∑
m,m˜
γ∗m˜γm
{ 〈
l, m˜ − 12
 Szj (t2 − t1)  l,m − 12 〉 (29)
×
[
(a˜ + b˜)(a + b)a˜a + (a˜ − b˜)(a − b)b˜b − (a˜ + b˜)(a − b)a˜beiλ(l+1/2) − (a˜ − b˜)(a + b)b˜ae−iλ(l+1/2)
]
−
〈
l, m˜ + 12
 Szj (t2 − t1)  l,m + 12 〉
×
[
(a˜ + b˜)(a + b)b˜b + (a˜ − b˜)(a − b)a˜a + (a˜ + b˜)(a − b)b˜aeiλ(l+1/2) + (a˜ − b˜)(a + b)a˜be−iλ(l+1/2)
] }
,
where we used the shorthand notations a ≡ alm, a˜ ≡ alm˜,
b ≡ blm, and b˜ ≡ blm˜. We further assume that the matrix
elements in (29) vary slowly with m, such that〈
l, m˜ ± 12
 Szj (t2 − t1)  l,m ± 12 〉 ≈ 〈l, m˜  Szj (t2 − t1)  l,m〉 .
(30)
Under this condition, (29) simplifies to
5C ≈
∑
m,m˜
γ∗m˜γm
〈
l, m˜
 Szj (t2 − t1)  l,m〉 (a˜b + ab˜)
× {(aa˜ − bb˜)[1 − cos(λl)] + (a˜b − ab˜)i sin(λl)} , (31)
where we have approximated l + 1/2 ≈ l in the trigonomet-
ric functions. Using the definitions of the Clebsch–Gordan
coefficients (23) and approximating their denominators by
2l + 1 ≈ 2l, the correlation function can be rewritten as
C ≈ 1
2l
∑
m,m˜
γ∗m˜γm
〈
l, m˜
 Szj (t2 − t1)  l,m〉 {(m˜−m)i sin(λl)
+ 2
(
m˜
√
1 − (m/l)2 + m
√
1 − (m˜/l)2
)
sin2(λl/2)
}
. (32)
Making use of the spectral theorem, we write
C ≈ 1
2l
∑
m,m˜
γ∗m˜γm
{〈
l, m˜
 [Szi , Szj (t2 − t1)]  l,m〉 i sin(λl)
+ 2
〈
l, m˜
 Szi Szj (t2 − t1)√1 − (Szi /Si)2 +√1 − (Szi /Si)2Szj (t2 − t1)Szi  l,m〉 sin2(λl/2)}
=
1
2l
〈
Ψ(t1)
 (Szi , Szj (t2 − t1)) i sin(λl) + 2 (Szi Szj (t2 − t1)√1 − (Szi /Si)2 +√1 − (Szi /Si)2Szj (t2 − t1)Szi ) sin2(λl/2) Ψ(t1)〉 .
(33)
Assuming that we can approximate
√
1 − (Szi /Si)2 ≈ 1, the
correlation function simplifies to
C ≈ 1
l
〈
Ψ(t1)
 {Szi , Szj (t2 − t1)} Ψ(t1)〉 sin2(λl/2)
+
i
2l
〈
Ψ(t1)
 [Szi , Szj (t2 − t1)] Ψ(t1)〉 sin(λl), (34)
where the curly brackets denote the anticommutator. Using
the definition of |Ψ(t1)〉, this can be cast into the form
C ≈ 2
l
Re
〈
Ψ
 Szi (t1)Szj (t2) Ψ〉 sin2(λl/2)
+
1
l
Im
〈
Ψ
 Szi (t1)Szj (t2) Ψ〉 sin(λl) (35)
or, equivalently,
C ≈ 2
l
sin2(λl/2)ReC(t1, t2) + 1l sin(λl) ImC(t1, t2), (36)
which is the main result of this paper. Evidently, C contains
both, the real and imaginary parts of the desired two-time
correlation function C defined in (2). A possible strategy
for separating the real part from the imaginary part consists in
measuring, according to the protocol of Sec. III, the correlation
functionC at different coupling times/strength λ. For example,
choosing λl = pi gives
C (λl = pi) ≈ 2
l
ReC(t1, t2), (37)
from which an estimate of ReC can be obtained. By further
measuring an estimate of C at λl = pi/2,
C (λl = pi/2) ≈ 1
l
ReC(t1, t2) + 1l ImC(t1, t2), (38)
and making use of the knowledge of ReC, the imaginary part
ImC can be extracted. More generally, Fourier analysis can be
used to extract real and imaginary parts of C from estimators
of C at multiple and arbitrarily spaced values of λl.
V. EXAMPLE: TWO SPIN-l COUPLED TO SPIN-1/2
We illustrate the performance of the protocol of Sec. III, and
also its statistical and systematic errors, by studying a simple
system consisting of two coupled spin-l degrees of freedom,
augmented by a spin-1/2 ancilla used for probing at the early
time t1. The total Hilbert space is
Htot =H1 ⊗H2 ⊗HA (39)
with H1 = C2l+1 = H2 and HA = C2. For the system
Hamiltonian we choose a Heisenberg coupling between the
two spin-l degrees of freedom,
HS = S1 ⊗ S2 ⊗ 1A. (40)
Our goal is to measure the normalized two-time correlation
function
C(t1, t2) =
〈Sz1 (t1)Sz2 (t2)〉
l2
(41)
with respect to initial states specified further below. The ancilla
initial state and the system–ancilla coupling are as specified
in Eqs. (5) and (7). To obtain the correlation function C in
Eq. (14), we need to calculate the probabilities (9) and (13),
which are given as expectation values of certain projection
operators. For the 3-spin example considered here, these ex-
pectation values can be numerically computed inMathematica
for moderate spin quantum numbers l.
6π 2 π
t2
0.05
0.10
0.15
0.20
0.25
0.30
0.35
Re C
0 π 2 π
t2
0.2
0.4
0.6
0.8
1.0
Re C
FIG. 2. Real parts of two-time correlation functions C(t1, t2) as
defined in (41) for spin quantum number l = 8, plotted for t1 = 0 as
a function of t2. Orange lines show exact correlation functions, blue
lines are estimates based on Eqs. (37) and (14). Left: Starting from
the uniform initial state (42), which satisfies the condition of slowly
varying expansion coefficients γ±m, good agreement between exact
and estimated correlations is observed. Right: For the maximally
magnetized initial state (43), the coefficients γ±m are not slowly vary-
ing in m, hence the conditions for the validity of the measurement
protocol are not satisfied, leading to a large discrepancy between exact
and estimated correlations.
For this setting, we show in Fig. 2 the real part of the
exact correlation function (41), and compare it to the estimate
calculated via (37) and (14). The left plot in Fig. 2 is for a
system initial state
1
2l + 1
l∑
m1,m2=−l
|l,m1〉 ⊗ |l,m2〉 , (42)
in which all Szi eigenstates are equally populated, and as a
result the expansion coefficients γ±m vary slowly with m, as
required for the measurement protocol. Indeed, Fig. 2 (left)
shows good agreement between the exact two-time correlation
function and its measured approximation. In contrast, the
system initial state
|l, l〉 ⊗ |l, l〉 , (43)
which has rapidly varying expansion coefficients γ±m, leads to
a substantial discrepancy between the exact correlations and
their measured counterpart (Fig. 2, right).
In addition to slowly varying γ±m, the protocol of Sec. III
also requires a large spin quantum number l, and estimators of
the two-time correlation function C are expected to be more
accurate the larger l is. To explore how the accuracy of the
measured estimator depends on the spin quantum number l,
we use as a system initial state a normalized version of
l∑
m1=−l
(l − m1) |l,m1〉 ⊗ |l, l〉 (44)
and calculate correlations for various spin quantum numbers l.
For this choice, the measured estimator deviates significantly
from the exact correlation function for l = 4 (Fig. 3 left),
but the agreement improves rapidly when increasing the spin
quantum number to l = 16 (Fig. 3 right).
The plots in Figs. 2 and 3 are based on Eqs. (37) and (14),
making use of the probabilities P±Pm |± calculated according
to Eqs. (9) and (13). In an experimental realization of the
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FIG. 3. Real parts of two-time correlation functions C(t1, t2) as
defined in (41) starting from the initial state (44), plotted for t1 = 0 as
a function of t2. Orange lines show the exact correlation functions,
blue lines are estimates based on Eqs. (37) and (14), which correspond
to the outcome of the measurement protocol of Sec. III in the limit
of a large number of measurement runs. Hence, in the absence of
statistical errors from finite sample sizes, the differences between the
orange and the blue lines illustrate the systematic error stemming
from large-l expansions and approximations in the derivation of the
measurement protocol. For l = 4 (left panel) the systematic error is
significant, but shrinks rapidly with increasing spin quantum numbers
l = 16 (right panel).
measurement protocol of Sec. III, however, the exact proba-
bility distributions are not available, but have to be estimated
as a sample average over repeated runs of the protocol. To
obtain the exact probabilities P±Pm |± in principle requires an
infinite sample of runs and is not realistic. Finite samples,
on the other hand, introduce errors in P± and Pm |±, which by
error propagation result in statistical errors in the correlation
function C, on top of the systematic errors discussed above
and illustrated in Figs. 2 and 3. To assess the magnitude of
these statistical errors we proceed as follows: From the proba-
bility distribution P±Pm |± we draw samples of sizeNs. Each
element of the sample represents the outcome (±1/2,m) of a
hypotheticalmeasurement according to the protocol of Sec. III.
To mimic experimental constraints we use, instead of the exact
probabilities P±Pm |±, the relative frequencies of the outcomes
(±1/2,m)within a random sample. The larger the sample size,
the smaller is the statistical error in the probabilities, and hence
also in the correlation functionC. To estimate the size of these
statistical errors for a given sample sizeNs, we calculateC not
only from one sample, but for 100 samples of size Ns. Each
of those samples will give a slightly different value of C, and
we calculate the standard deviation of these fluctuating values,
which serves as an estimate of the statistical error in C.
Figure 4 shows, for the uniform initial state (42), the t2-
dependence of the two-time correlation function C(0, t2) esti-
mated according to our measurement protocol, together with
the (likewise t2-dependent) statistical errorbars obtained ac-
cording to the procedure described in the previous paragraph.
For sample sizeNs = 100 the statistical errors are considerable
(Fig. 4 left), but already forNs = 1000 statistical fluctuations
are smaller than the systematic errors that result from the ap-
proximations in the measurement protocol of Sec. III (Fig. 4
right). A rough estimate based on the available data suggests
that statistical error bars of C scale likeN −1/2s with the sam-
ple size. Moreover we find, for fixed sample size Ns and at
least for spin quantum numbers l up to 32 for which we have
data, that statistical errors are essentially independent of l (not
shown in the plots).
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FIG. 4. Illustration of the magnitude of statistical fluctuations in the
two-time correlations C for l = 4, obtained according to the protocol
of Sec. III from measurement samples of finite size. Real parts of
the exact two-time correlation functions C(0, t2), starting from the
uniform initial state (42), are plotted as orange lines. Blue lines
show estimates of C obtained according to Eqs. (37) and (14) with
the exact probabilities P±Pm |±, which corresponds to using mea-
surement samples of infinite size. The blue shaded areas around the
blue lines indicate statistical error bars of one standard deviation,
calculated according to the procedure described in the text for mea-
surement samples of finite size. For sample size Ns = 100 (left
panel) statistical fluctuations are the dominant source of errors, larger
than the systematic deviation between the estimated (blue) and exact
(orange) values. For sample size Ns = 1000 (right panel) statistical
fluctuations are significantly reduced and are smaller than systematic
errors.
VI. SUMMARY AND CONCLUSIONS
To experimentally determine two-time quantum correlation
according to the protocol proposed in this paper, the key task
is to determine sufficiently accurate estimators of the probabil-
ities P±Pm |± defined in Eqs. (9) and (13). These probabilities
describe the likelihood of measuring ±1/2 for the ancilla spin
component Sz , followed by a measurement result m for the
component Szj of the spin at site j. Estimators of the probabil-
ities P±Pm |± can therefore be obtained as the relative frequen-
cies of the outcome pairs (±,m) recorded over a sufficiently
large sample of measurements. Each run follows the mea-
surement protocol of Sec. III, which consists of the following
steps:
(a) Prepare the spin-1/2 ancilla in the state (5).
(b) Time-evolve the system until time t1.
(c) Couple system and ancilla by means of the unitary (7).
(d) Measure the ancilla observable Sz .
(e) Time-evolve the system until time t2.
(f) Measure the system observable Szj .
Recording the measurement outcomes and repeating the above
stepsmultiple times, estimators of the probabilities (9) and (13)
are obtained. From these probabilities the correlation function
C as defined in (14) can be computed. Repeating the above
steps (a)–(f) for several couplings λ then gives access to the
real and imaginary parts of C separately, as discussed at the
end of Sec. IV.
The measured correlation function (14) is, under suitable
assumptions, related to the desired correlation function C via
Eq. (36). The assumptions that went into the calculation of
this relation are:
(i) Large spin quantum number l  1 of the spin at lat-
tice site i. This is only really needed when going from
(33) to (34) by assuming
√
1 − (Szi /Si)2 ≈ 1. This
is a shorthand notation for the actual requirement that
only those expectation values in the expansion (32) con-
tribute significantly to C for which (m˜/l)2  1 and
(m/l)2  1. At other instances in the derivation, l  1
is only assumed for the convenience of shorter expres-
sions; replacing occurrences of l by l + 1/2 in (36) will
undo these further approximations.
(ii) The expansion coefficients γ±m (27) of the system state
at t1 vary slowly with m, such that γ±m+1 ≈ γ±m.
(iii) Assumption (30) on the matrix elements of Szj (t2 − t1)
is condition (ii) in disguise: the matrix elements are
required to be slowly varying in m.
While the largeness of the spin quantum number l in condition
(i) should be easy to assess, the slowly varying expansion co-
efficients γ±m required in assumptions (ii) and (iii) may require
additional experimental effort. In principle the coefficients γ±m
may be obtained in a separate series of experimental runs in
which the spin component Szi at site i is measured at time t1
and relative frequencies of the outcomes are recorded.
An experimental platform in which an assembly of inter-
acting large spins can be realized, and in which the proto-
col proposed in this paper can potentially be implemented,
is discussed in Sec. I and sketched in Fig. 1. Other suitable
platforms, based for example on multiply-degenerate ground-
state manifolds, are expected to be feasible as well. Potential
physical application of the thus obtained two-time correlation
functions include the analysis of temporal universality in the
vicinity of quantum phase transitions, or of signatures of slow
relaxation in quantum glasses. Since both these mentioned ap-
plications are genuinemany-body phenomena, we conclude by
re-emphasizing that, even though Sec. V treats a simple two-
spin system for illustrative purposes, the protocol put forward
in this paper is suited for proper many-body applications and
can in principle be applied to large-l spin systems of arbitrary
lattice dimension and lattice size.
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Appendix A: System–ancilla coupling Sz
i
⊗ Sz
The measurement protocol of Sec. III makes use of a
system–ancilla coupling of Heisenberg type (7). In this ap-
pendix we consider an alternative, namely a coupling unitary
U (λ) = exp(−iλSzi ⊗ Sz) of Ising type. Since the uncoupled
basis states |l,ml, s,ms〉 are eigenstates of the system spin op-
erator Szi as well as of the ancilla spin operator S
z , no need for
8the use of a coupled basis arises. Expanding
|Ψ(t1)〉 =
∑
ml,ms
cmlms |l,ml, s,ms〉 (A1)
in the uncoupled basis, we can write (14) as
C =
∑
ml,ms
∑
m˜l,m˜s
c∗m˜l m˜s cmlms exp [iλ(m˜lm˜s − mlms)]
×
〈
l, m˜l, s, m˜s
 Szj (t2 − t1) ⊗ Sz  l,ml, s,ms〉
= 12
∑
ml,m˜l
(
c∗m˜l+cml+e
iλ(m˜l−ml )
〈
l, m˜l
 Szj (t2 − t1)  l,ml〉
− c∗m˜l−cml−e−iλ(m˜l−ml )
〈
l, m˜l
 Szj (t2 − t1)  l,ml〉) .
(A2)
The form of the ancilla initial state (5) implies cml+ = cml− ≡
cml for all ml , which allows us to write
C =
∑
ml,m˜l
c∗m˜l cml sin [λ(m˜l − ml)]
〈
l, m˜l
 Szj (t2 − t1)  l,ml〉
(A3)
or, by making use of the spectral theorem,
C = 12
〈
Ψ(t1)
 eiλSzi Szj (t2 − t1)e−iλSzi Ψ(t1)〉
− 12
〈
Ψ(t1)
 e−iλSzi Szj (t2 − t1)eiλSzi Ψ(t1)〉 . (A4)
Unfortunately, it is not evident how the two-time correlation
function (2) can be extracted from this quantity, except in the
limit of small λ, which amounts to recovering one of the results
of Ref. [7].
The coupling unitary U (λ) = exp(−iλSxi ⊗ Sx) leads
to similar results, only with sin [λ(m˜l − ml)] replaced by
cos [λ(m˜l + ml)] in Eq. (A3).
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